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Determination for Rigid Body Simulation

ABSTRACT
Modeling contact for rigid body simulation requires accurate de-
termination of time of contact, contact points, and contact nor-
mals. Existing collision detection methods for rigid body simu-
lation can be grouped into one of three categories: convexity-based
discrete methods, a posteriori discrete methods, and continuous
methods. Our method combines the advantages of all three of these
types by operating on arbitrary geometric representations, running
in asymptotic linear time in the number of polyhedral features (for
non-convex representations), having a parameterizable precision (a
variation is guaranteed to miss no collisions), and avoiding difficult
to implement simplex/simplex tests that are frequently not numeri-
cally or geometrically robust. Our algorithm is demonstrated on a
pathological example involving both polyhedra and polygon soups.

1. INTRODUCTION
Algorithms for modeling contact in rigid body simulation take

a set of contact points and normals as input and produce a set
of forces or impulses that handle impacts or treat resting contact.
However, the difficulty and importance of determining these con-
tact point and normal inputs accurately is often overlooked; this
determination is both computationally intensive and plagued by nu-
merical and geometric degeneracies. Many researchers use approx-
imate contact points and normals that are determined without find-
ing the exact time-of-impact. For some applications of rigid body
simulation (e.g., animation, games), these approximations may not
be deleterious; for applications that place importance on accurate
simulation, approximations may be unacceptable.

Approximation of the true contact points and normals can lead
to interpenetration, numerical and dynamic instability, and unde-
sirable energy drain from the simulated system [6]. The energy
drain effect can also appear when the geometry of rigid bodies
with curved surfaces is approximated with polyhedra. We intro-
duce a method for computing time of contact (TOC) and contact
points and normals that addresses the above problems. Our al-
gorithm is general with respect to the geometric representation:
geometries may be polyhedra, polygon soups, implicit surfaces,
parametric surfaces, constructive solid geometry, etc. and can be
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non-convex. The only requirements are that a representative sub-
set of points on the surface of the geometry be readily obtainable
and that fast intersection queries between the geometry and either
a oriented-bounding box (OBB) or a line segment are supported.
Our algorithm performs continuous collision detection; it is able
to determine with certainty whether a pair of bodies contact over a
given time interval. Additionally, our method is fast: it runs in time
which is linear in the number of polyhedral features, even for non-
convex polyhedra. We illustrate this algorithm on a pathological
example: a fast moving projectile impacting a thin body.

2. BACKGROUND
Collision detection methods can be broadly grouped, with re-

spect to rigid body simulation, into three categories: discrete convexity-
based methods (Section 2.1), discrete a posteriori methods (Sec-
tion 2.2), and continuous collision detection methods (Section 2.3).

2.1 Discrete convexity-based methods
Convexity-based methods determine whether one (or more) pairs

of bodies are intersecting at an instant in time; they are termed dis-
crete because, if the bodies follow a trajectory, intersection test-
ing must be performed at discrete points in time. Convexity-based
methods can determine the time of contact by using numerical root-
finding type approaches (e.g., [17, 2, 22], etc.) until a query reports
that two bodies are either separated or interpenetrating smaller than
some tolerance. If a pair of geometries are polyhedra with M
and N features, the worst-case running time for these methods is
Θ(M + N). When temporal coherence is exploited, these algo-
rithms can achieve near constant-time performance; the coherence
caches closest features, which are used to determine the contact
points and normals.

The convexity-based algorithms include the GJK algorithm [10,
4, 21], the Lin-Canny [15] and V-Clip [16] algorithms, and the
method of Chung and Wang [8]. Only the GJK-based algorithms
can be used on geometric representations other than polyhedra;
however, even these algorithms converge only asymptotically on
non-polyhedral representations [9].

The only means that the convexity-based algorithms have for
handling objects with non-convex geometries is decomposition into
convex pieces. Even a decomposition into a minimal number of
pieces can result in N2 pieces for a polyhedron with N vertices [7]:
collision detection for non-convex polyhedra using decompositions
is thus too slow for many interactive applications. Non-manifold
geometries (e.g., polygon soups) are unsupported by convexity-
based methods.

2.2 Discrete a posteriori methods
We denote methods that determine contact points and normals



Figure 1: Three successive frames (left to right) depicting a collision.
The configuration of the bodies in the rightmost frame is used to de-
termine the contact point and normal; using the minimum penetration
depth causes the spike to be pushed outward laterally (shown in the
rightmost frame), when it should be pushed out vertically.

after interpenetration has occured a posteriori methods. The a pos-
teriori methods, which are discrete methods by their nature, avoid
the significant computation requirements of finding the exact time
of contact, but only guess at the contact points and normals (an in-
correct guess is seen in Figure 1); larger step sizes result in less
accurate guesses. The a posteriori methods include the work of
Moore and Wilhelms [17], Kim et al. [14], Guendelman et al. [12],
Hasegawa and Fujii [13], Yamane and Nakamura [23], and Redon
and Lin [19]. The approaches of Kim et al., Guendelman et al., and
Redon and Lin treat non-convex geometries, though polygon soups
are not supported.

2.3 Continuous collision detection
Continuous collision detection methods test whether one (or more)

pairs of bodies contact over a given time interval, rather than at
a discrete instant of time. Canny [5] first proposed to represent
polygonal trajectories (i.e., both translation and rotation) by poly-
nomials, and to express collision terms of contact functions defined
over these polynomials. Portions of time in which collisions can
occur are found by searching for intervals of time bracketed by the
zeros of contact functions. Numerous researchers have proposed
methods to perform continuous collision detection at rates compet-
itive with, though invariably slower than, discrete collision detec-
tion algorithms. Most relevant to this paper are methods for rigid
bodies governed by classical mechanics, including the method of
Redon et al. [18] and the work of Zhang et al. [24]. This lat-
ter work, in particular, is similar to that introduced in this paper;
Zhang et al. use comparable bounds on rigid body motion. How-
ever, the work of Zhang et al. is restricted to polyhedral models
and requires decomposition into convex polyhedra to handle non-
convex geometries. Decomposition into a minimal number of con-
vex pieces in NP-hard [1], and approximate algorithms can lead to
potentially many unnecessary convex pieces.

3. METHOD
We determine contact data and times over a time interval [t0, tf ]

by computing the TOC of points sampled from the two bodies; we
assume that the bodies are disjoint at t0 and are intersecting at tf .
The times of impact of the sampled points are computed rapidly
using the dynamic states of the bodies at t0 and tf ; it is guaranteed
that the first time of contact (and associated contact data) is found
between a pair of bodies up to a given tolerance.

Algorithm 1 computes the time of contact, contact point, and
contact normal for two rigid bodies with arbitrary geometries. (A
simple modification can return multiple contact points; all contacts
within small tolerance of the first TOC can be returned.) The time

of contact between one solid and a representative subset of the
points on the surface of the other solid is determined. The choice
of points depends on the primitives involved although, most gener-
ally, a random sampling could be used. Algorithm 2, presented in
the next section, describes how to compute the time of contact be-
tween a point on a rigid body and a stationary solid; the following
section describes the extension to a moving solid.

Algorithm 1
DETERMINE-CONTACT(PA, PB , vA(t0), ωA(t0), vB(t0),
ωB(t0), t0, tf ): given rigid bodies A and B with geometries PA

and PB , linear and angular velocities vA(t), ωA(t), vB(t) and
ωB(t) of the bodies at time t0, and interval of integration [t0, tf ],
determines the time of contact, contact point, and contact normal
between A and B.

ti ←∞
for all points pA(t) on surface of PA do
{tmin, p(tmin), n̂} ← DETERMINE-TOC(· · · )
if tmin < ti then

ti ← tmin

c← p(tmin)
n̂c ← n̂

for all points pB(t) on surface of PB do
{tmin, p(tmin), n̂} ← DETERMINE-TOC(· · · )
if tmin < ti then

ti ← tmin

c← p(tmin)
n̂c ← n̂

return {ti, c, n̂c}

3.1 Determining intersection of point trajec-
tory with a stationary solid

Intersection of a parametric curve with a solid requires algo-
rithms equivalent to numerical root finding. Unfortunately, root
finding algorithms work poorly at determining whether a root ex-
ists within an interval. Our application requires identification a root
within an interval to compute the number of intersections between
the curve and the solid. However, we make use of the fact that
the motion free of external torques and forces between integration
steps in reliably computing such intersections. The bodies must be
treated in this way in order for a search between times t0 and tf ,
which proceeds at a fine temporal granularity, to be consistent with
the integrator steps with ∆t = tf − t0.

In general, points on a rigid body follow a curved path; the fol-
lowing equation determines the position of a point p(t) on a mov-
ing rigid body B:

p(t) = xB(t) + RB(t)u

where xB(t) is the position of the body’s center-of-mass, RB(t)
is the rotation matrix of B, and u is the vector from the center-of-
mass to the point in B’s frame. The position of the point over a
time interval is determined by the solution to the time derivative of
the above equation. The time derivative of this equation is given
below, using the identity Ṙ(t) = ω̃(t)R(t):

ṗ(t) = ẋB(t) + ω̃B(t)RB(t)u (1)

where ẋB(t) is the velocity of B’s center-of-mass and ω̃B(t) is
the antisymmetric matrix formed using the angular velocity of the
body in the world frame. We note that integrating the position of
p(t) requires integrating RB(t) as well; Baraff [3] describes how
to perform this integration with quaternions to reduce drift.



Figure 2: Depiction of the bounds (shaded in yellow) of a trajectory
of a point on a rigid body; the true trajectory is drawn in black, and
the linearization of the trajectory by connecting end-points is drawn in
red, the linearization by expansion around p(t0) is drawn in blue.

The magnitude of ṗ(t) remains constant over [t0, tf ] because
the linear and magnitude of the angular velocities remain constant
over this interval1. The rotation matrix in (1) does not change the
magnitude of the angular contribution to point velocity. Therefore,
the distance that the particle moves over the time interval is equal
to the magnitude of the point velocity times the difference in time:‚‚‚‚Z tf

t0

ṗ(t)dt

‚‚‚‚ ≤ ‖ṗ(t0)‖ (tf − t0) (2)

This equation permits us to evaluate the quality of the approxi-
mation of p(t) over [t0, tf ] by a line segment; if the approximation
is good, then

νf
0 = ‖ṗ(t0)‖ (tf − t0)− ‖p(tf )− p(t0)‖

will be small. This equation also enables us to bound the values that
p(t) can take over [t0, tf ]. As seen in Figure 2, p(t) can deviate
from the line segment p(t0)p(tf ) by at most νf

0 /2 in any direction
over [t0, tf ]. We can thus bound p(t) by an ellipsoid over this
time interval. Alternatively, as used in the algorithm iteself, we can
bound p(t) by an oriented bounding box (OBB), which generally
permits fast intersection testing with the solid at the expense of
looser bounds for p(t).

3.2 Intersection of point on a rigid body with
a moving solid

The preceding intersection of a point trajectory with a stationary
body can be extended to consider intersection of trajectory with a
moving body through an appropriate change in coordinate system.
If the solid S is moving with linear velocity ẋS(t) and angular
velocity ωS , then S can be treated as stationary by incorporating
its velocity into that of p(t). The position of the tracked point in
the frame of S is given by

Sp(t) = RT
S (t)(xB(t)− xS(t) + RB(t)u).

The time derivative of this equation is given below (velocities are
again treated as constant), and uses the identity ω̃T = −ω̃:

S ṗ(t) = RT
S (t)(ẋB − ẋS + ω̃BRB(t)u)

−RT
S (t)ω̃S(xB(t)− xS(t) + RB(t)u)

1This assertion is untrue for the underlying continuous system
but is true when numerically integrating the rigid body equations
of motion.

Algorithm 2
DETERMINE-TOC(S, t0, tf , vB, ωB, p(t0), p(tf ), ṗ(t)): given
a stationary solid S, a time interval [t0, tf ], and a point p(t) on
a rigid body B with linear and angular velocities vB and ωB at
time t0, determines first time-of-impact tχ of p(t) with S, along
with p(tχ) and the normal of S at p(tχ).

tχ ←∞
push(Q, {t0, tf , p(t0), p(tf )})
while Q not empty do
{ta, tb, p(ta), p(tb)} ← pop(Q)
ṗ(ta)← xB + ω̃BRBu
nα ← 1

‖p(tb)−p(ta)‖ (p(tb)− p(ta))

form orthonormal basis {nα, nβ , nγ}
νb

a = ‖ṗ(ta)‖ (tb − ta)− ‖p(tb)− p(ta)‖
c← 1

2
(p(ta) + p(tb))

dα ← 1
2

`
‖p(tb)− p(ta)‖+ νb

a

´
dβ ← dγ ← 1

2
νb

a

O ← OBB(c, {nα, dα}, {nβ , dβ}, {nγ , dγ})
if O intersects S then

if νb
a > ε then

ti ← 1
2
(ta + tb)

RB(ti)← RB(ta) + integrate ṘB(t) over [ta, ti]
p(ti)← p(ta) + integrate ṗ(t) over [ta, ti]
push(Q, {ta, ti, p(ta), p(ti)})
push(Q, {ti, tb, p(ti), p(tb)})

else
for all intersections px between O and S do

tα ← ta + ‖px−pb‖
‖pa−pb‖

if tα < tχ then
tχ ← tα

q ← p(tχ)
η̂ ← n̂(Sq) {Get normal to S at p(tχ)}

return {tχ, q, η̂}

Simplifying, we get:
S ṗ(t) = RT

S (t)(ẋB − ẋS − ω̃S (xB(t)− xS(t))

+(ω̃B − ω̃S)RB(t)u)

Computing the position of the point with respect to the frame of
S thus requires tracking RS(t), xB(t), and xS(t) in addition to
Sp(t) and RB(t). On return, Algorithm 2 should be modified to
transform q and η̂ into the global frame.

3.3 Performance & computational complexity
The number of iterations necessary to reduce the curved tra-

jectory into line-segments depends on the trajectory (essentially a
function of ẋB, ẋS , ṘB, ṘS ) and the precision parameter ε. In the
limit as ε → 0 the algorithm resolves the query exactly. With a
finite ε the performance of the algorithm needs further description.
It is not the case that the method finds the earliest time at which the
solid passes within ε of the trajectory, but instead the method finds
the time at which intersects the volume of a piecewise linear curve
of boxes with ε sides, and is guaranteed to contain the original tra-
jectory.

The computational complexity of our method will be analyzed
for the case of polyhedra (convex or non-convex) P and Q with
N and M features, respectively; we assume that a zero level-set
is also constructed offline, as in Guendelman et al. [12], for each
polyhedron to facilitate constant time signed distance queries.

Suppose Algorithm 2 requires k iterations. Within the worst case
intersections with the solid and bounding boxes require the entire



trajectory be reduced to bounding boxes with νb
a ≤ ε, thus k de-

pends on the curvature of the trajectory, which can be bounded by
a linear function of ‖ẋB‖ , ‖ẋS‖ ,

‚‚‚ṘB

‚‚‚ ,
‚‚‚ṘS

‚‚‚. The nature of
physical simulation bounds these quantities, which do not depend
on the size of the polyhedra.

Since Θ(R) time is required to determine the intersection be-
tween an oriented bounding box and a polyhedron with R features
[11], and algorithm 2 is called N times against the implicit sur-
face corresponding to Q and M times against the implicit surface
corresponding to P . Therefore, determining the times of intersec-
tion of vertices of each polyhedron inside the other exhibits time
complexity O(kNM + kMN).

3.4 Variation sans bounding-boxes
If intersection queries between the solid and an oriented bound-

ing box cannot be computed easily, then an alternative method us-
ing a piecewise linear approximation to p(t) will succeed. This
requires that line segments between points p(ta) and p(tb) be bi-
sected recursively until νj

i < ε for any consecutive i, j. Each line
segment is then be tested for intersection with the surface. This al-
ternate method works equally correctly to the algorithm above, but
would generally require many more intersection queries. This is
detailed in Algorithm 3.

Algorithm 3
DETERMINE-TOC-ALT(S, t0, tf , vB, ωB, p(t0), p(tf ), ṗ(t)):
given a stationary solid S, a time interval [t0, tf ], and a point p(t)
on a rigid body B with linear and angular velocities vB and ωB at
time t0, determines first time-of-impact tχ of p(t) with S, along
with p(tχ) and the normal of S at p(tχ).

tχ ←∞
push(Q, {t0, tf , p(t0), p(tf )})
while Q not empty do
{ta, tb, p(ta), p(tb)} ← pop(Q)
ṗ(t)← xB + ω̃BRBu
νb

a = ‖ṗ(ta)‖ (tb − ta)− ‖p(tb)− p(ta)‖
if νb

a > ε then
ti ← 1

2
(ta + tb)

RB(ti)← RB(ta) + integrate ṘB(t) over [ta, ti]
p(ti)← p(ta) + integrate ṗ(t) over [ta, ti]
push(Q, {ta, ti, p(ta), p(ti)})
push(Q, {ti, tb, p(ti), p(tb)})

else
px ← intersection between p(ta)p(tb) and S closest to
p(ta)

tα ← ta + ‖px−pb‖
‖pa−pb‖

if tα < tχ then
tχ ← tα

q ← p(tχ)
η̂ ← n̂(Sq) {Get normal to S at p(tχ)}

return {tχ, q, η̂}

This variation has the advantage that the first TOC tα between
a line segment and an implicit surface can be found rapidly us-
ing methods for ray tracing level sets; for example, the method of
Singh and Narayanan [20] achieves super-interactive frame rates
using GPUs. Thus allowing constant time checks, and allowing the
algorithm complexity O(kN + kM), i.e., linear in the polyhedral
features.

However, it must be noted that the role of the ε has a different
interpretation despite the fact that in the limit of small ε the two
algorithms are equivalent. A solid intersecting the original curve

Figure 3: 100 bullets (each a 640 triangle polyhedron) moving at 1000
m/s about to impact a stationary warped plane (a 2010 triangle polygon
soup) with a hole in the center.

with depth less than ε can be missed by this variation whereas it
would be detected by Algorithm 2. (Generally the detection algo-
rithm that operates as part of the integrator, which is responsible
for detecting penetration at time tf , has a numerical accuracy that
can be used to select a suitable ε.)

3.5 Broad phase collision detection
We speed the collision detection process considerably by quickly

eliminating pairs of bodies from consideration that have no pos-
sibility of intersecting (i.e., broad phase collision detection; this
speedup uses oriented bounding boxes built around the individual
geometries. During a collision check between a pair of bodies, a
sphere of radius v̇i(t) is determined around the eight vertices vi(t)
of each bounding box; each bounding box is then enlarged such that
the eight spheres are contained. Only if these enlarged OBBs in-
tersect are the algorithms presented previously (i.e., narrow phase
collision detection) applied. Even tighter bounds on object motion
could be readily computed, at the possible cost of greater bounding
volume/bounding volume intersection tests.

4. EXAMPLE
We illustrate our method using a pathological scenario that is

problematic for discrete collision detection methods: a small object
with high velocity coming into contact with a very thin object. Us-
ing a discrete collision detection method on this example requires
the use of extremely small step sizes, thus precluding interactive
simulation.

The small object with high velocity is a bullet in our example,
and the thin object is a warped plane with a hole in the center.
To illustrate that our method has no difficulty with the hole in the
warped plane, we use 100 bullets moving at 1000 m/s; each bullet
is subject to gravity (the plane is immobile) and additionally in-
corporates an angular velocity around its longitudinal axis of 2e−3

rad/sec, consistent with a rifling effect. The example is rendered in
Figure 3.

The bullets are represented by convex polyhedra (640 triangles)
while the warped plane is represented using a polygon soup (2010
triangles). We did not use implicit surface representations; line
segments were tested directly against triangles to determine con-



tact points and times of contact. Oriented bounding boxes were
employed to reduce the number of triangles necessary for testing.
This approach exhibits slower asymptotic complexity than that dis-
cussed in Section 3.3 (i.e., as poor as Θ(MN), but more inline
with Θ(M lg N +N lg M) in our experience), but does permit the
use of the polygon soup.

The simulation was able to run effectively at high step sizes; a
step size of 0.1 was used with an explicit Euler integrator on this ex-
ample. An impulse-based contact algorithm resolved impacts with
the warped plane. Approximately 201 seconds on a 3.0 GHz Core
Duo processor was required to compute the one second of simula-
tion time in which the 100 bullets impacted the plane.

This particular example represents a worst-case scenario for our
method. The rigid bodies move with extremely high velocity, so
the narrow phase is triggered with high frequency; tightening the
bounding volumes used in the broad phase would have no effect as
the motion of the bullets is mostly linear. Additionally, the geome-
tries are composed of a large number of triangles, and therefore
vertices, so a great number of intersection tests are performed.

5. DISCUSSION
Standard collision detection algorithms have proven to be less

than perfectly suited for rigid body simulation. The convexity-
based methods, which permit ready determination of the contact
data, exhibit quadratic complexity for non-convex polyhedra (due
to the necessary decomposition) and are unusable on polygon soups,
general implicit surfaces, etc. In contrast, the a posteriori meth-
ods, which can handle more varied geometric representations, fre-
quently determine inaccurate contact points and normals. Our algo-
rithm is generally sufficiently fast for rigid body simulation, even if
its worst case running times may be prohibitive for some interactive
applications.
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