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Abstract. Given two disjoint and finite point sets A and B in IRd, we
say that B is contained in A if all the points of B lie within the convex
hull of A, and that B evades A if no point of B lies inside the convex
hull of A. We investigate the containment and evasion problems of this
type when the set A is stochastic, meaning each of its points ai is present
with an independent probability π(ai). Our model is motivated by situ-
ations in which there is uncertainty about the set A, for instance, due to
randomized strategy of an adversarial agent or scheduling of monitoring
sensors. Our main results include the following: (1) we can compute the
exact probability of containment or evasion in two dimensions in worst-
case O(n3(n+ logm) +m2) time and O(n2 +m2) space, where n = |A|
and m = |B|, and (2) we prove that these problems are #P-hard in 3 or
higher dimensions.

1 Introduction

Geometric containment and evasion problems are useful abstractions for a va-
riety of applications, including robotics, pursuit evasion, computer vision and
graphics, and security and anomaly detection among others [9, 11, 13, 24]. In the
containment problem, we are interested in ensuring that a target set B is con-
tained within the convex hull of another point set A, while the evasion problem
models the situation from the target’s perspective—how to exclude all members
of B from the convex hull of A. In pursuit evasion or security-related appli-
cations, for instance, B might represent a set of valuable assets that require
monitoring, and A represents the positions of guarding agents tasked to ensure
that all points of B remain surrounded. Conversely, in evasion problems, the
goal is to ensure that no member of B is captured or surrounded.

In this paper, we explore the containment and evasion problems of this type
when the containing set A is stochastic, meaning each of its points exists with
an arbitrary but known probability. Formally, we are given two sets of points
A = {a1, . . . , an} and B = {b1, . . . , bm} in a d-dimensional space. The set B is
deterministic, but A is stochastic, meaning that each of its points ai is associated
with an existence probability π(ai). (The probabilities of different points are
independent, but otherwise arbitrary valued.) We can interpret the stochasticity



of A as a randomized strategy of the monitoring agents or, from B’s perspective,
a probabilistic belief about A’s planned deployment. With this input, we want
to evaluate the probability of B’s containment or evasion. In other words, what
is the probability that B evades the convex hull of A, or the probability that the
convex hull of A contains B?

If B were a singleton point {b}, then the stochastic containment measures
the probability that b lies in the convex hull of the stochastic set A. We re-
cently showed that this membership probability can be computed exactly in
time O(n log n) when d = 2 and in time O(nd) when d ≥ 3 [17]. Unfortunately,
the containment probabilities for different points of B are not independent, and
so we cannot solve the set containment problem by solving multiple instances of
point containment. In fact, as our results below show, the complexity of the set
containment (or evasion) differs sharply from the point containment.

Our Results. We show that the stochastic set containment and set evasion
problems are both #P-hard in dimensions d ≥ 3. In two dimensions, however, we
show that both problems admit a polynomial-time algorithm. In particular, we
present a dynamic programming algorithm that runs in O(n3(n+ logm) +m2)
worst-case time and uses O(n2 +m2) space.

Related Work. The set containment and disjointness problems are well-
studied in computational geometry [9, 10, 23, 24]. When A and B are determin-
istic sets, these problems can be solved trivially by performing |B| member-
ship queries in the convex hull of A, where each query takes O(|A|) time using
fixed-dimensional linear programming algorithm of Megiddo or Clarkson [12, 22],
although more specialized algorithms are known in 2 or 3 dimensions.

Our work is a contribution to the growing body of research dealing with
uncertain data, which has received a great deal of attention in recent years in
the research communities of databases, machine learning, AI, algorithms and
computational geometry. While much of the research in the database commu-
nity primarily focuses on models, schema, and query evaluation [7, 14, 25], there
is significant algorithmic overlap as well, especially on problems such as index-
ing, clustering, range searching and skyline computation over uncertain data [2,
3, 7, 8]. Within computational geometry, a number of problems have been ad-
dressed, including convex hulls, range searching, skylines, Voronoi diagrams,
nearest neighbor searching, and minimum spanning trees [1–5, 19–21, 26, 27].

The work most closely related to the present paper is the problem of comput-
ing the probability that a point lies in the convex hull of uncertain points [6, 17].
The main result of these papers is that the point-membership probability can
be computed in polynomial time O(nd), in any fixed dimension d. As mentioned
earlier, however, the membership probabilities of different points of B being
contained in the convex hull of A are not independent and therefore these result
cannot be applied to our set containment or set disjointness problem. Indeed, as
our results show these problems are #P-hard, for d ≥ 3.



Paper organization. In Section 2 we present our dynamic programming algo-
rithm for 2 dimensions. In Section 3 we present our hardness results. In Section 4
we present a simple Monte-Carlo sampling scheme for estimating the contain-
ment and evasion probabilities. We conclude in Section 5.

2 The 2-dimensional case

In this section we present a polynomial time algorithm to evaluate the evasion
and containment probabilities in two dimensions. Since the algorithms for the
two problems are quite similar, we focus mainly on the evasion problem, with
only a brief discussion of the modifications needed for the containment problem.
For ease of presentation, we assume the input points A∪B are in general position,
meaning that no 3 are collinear, but our results hold for the degenerate case as
well, with some additional technical details. Without loss of generality, we also
assume that no two points have the same x or y coordinates—otherwise, we can
rotate the coordinate axes to achieve this.

2.1 Algorithm for the evasion problem

Consider a random outcome S of the stochastic point set A. The probability of
this outcome is Pr[S] =

∏
a∈S π(a)

∏
a′ /∈S(1−π(a′)). For this outcome, it is easy

to decide whether any point of B lies inside the convex hull of A. Unfortunately
though, there are an exponential number of outcomes, so we cannot afford to
enumerate them all, to compute the total probability of B’s evasion. As a first
simplification, we observe that all the outcomes with the same convex hull P
are essentially the same for our purpose—if P does not intersect B then all
these outcomes are favorable outcomes, while if P does intersect B, none of
these outcomes are favorable. Although we still cannot afford to enumerate all
different convex hulls, since their number may be exponential, the idea helps us
explain the basic structure of our polynomial time algorithm.

The convex hull of any non-empty outcome is a convex polygon P with
vertices among A. Throughout, we let P denote a convex polygon with vertices
in A. In order to group over all samples that have a given P as their convex hull,
we define the realization probability of a polygon P , denoted h(P ), as the sum
of the probability Pr[S] of all samples S with convex hull P :

h(P ) =
∑

S s.t. CH(S)=P

Pr[S].

In general, there can be an exponential number of samples S that satisfy CH(S) =
P but fortunately there is a simple way to compute h(P ). Suppose that the
vertices of P are a1, . . . , ar. The necessary and sufficient condition for S to
satisfy CH(S) = P is the following:

The set S includes all the vertices of P , namely, a1, . . . , ar, and none of
the points in A lying outside P .
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Fig. 1: The regions Zji for a polygon P . For the shaded regions, the excluded
boundary portions are shown dashed.

We can use this observation to write our probability as

h(P ) = φ
(
P
) r∏
i=1

π(ai).

where P is the shorthand for the region of the plane outside P , and φ
(
P
)

is
probability that no point of A lies in it. Throughout the paper, we will use the
notation φ (R) for the probability that no point of A contained in region R is
present, with the convention that φ (∅) = 1.

The quantity that we wish to compute is the sum of h(P ) over all polygons P
that do not intersect B, plus the probability of the empty sample—because in the
latter case the hull trivially evades B. This motivates us to define the likelihood
of evasion of a polygon P , denote L(P ), as h(P ) if P does not intersect B and
0 otherwise. Then, the desired probability is given by the following equation,
where the first term accounts for the sample S being empty:

n∏
i=1

(1− π(ai)) +
∑
P

L(P ).

Evasion Probabilities. We show that L(P ) can be expressed as the product
of certain probabilities associated with the edges of P such that these probabil-
ities are independent of the polygon composed from these edges, subject to the
condition that the lowest vertex of P is fixed. We call these the evasion probabil-
ities. In order to keep the notation simple, we assume without loss of generality
that a1 is the lowest point and a2, a3, . . . , an, are the points above a1, sorted in
counter-clockwise order around a1. We precede this sequence by a1 and add a
new point an+1 which is a copy of a1 but is considered “ahead” of the other ai in
counter-clockwise order. Given a polygon P , we first show how to decompose the
space outside it, namely, P , into regions that only depend on the lowest vertex
a1, and the edges. See Figure 1 for illustration. Consider a polygon P with the



lowest vertex a1. Any edge of P has endpoints ai and aj , for some i < j. We
denote such an edge by the simpler notation i → j. For such an edge, consider
the wedge shaped region Zji as shown in Figure 1. The wedge Zji is a half open
wedge defined as follows. It is the polygonal region to the left of the half ray −−→a1ai
not including its boundary, to the right of the half ray −−→a1aj including its bound-
ary, and beyond the polygon boundary, i.e., the segment aiaj but excluding it.
The bounding ray −−→a1ai precedes −−→a1aj in the counter-clockwise order around a1,
and so we can define such a half open wedge by requiring its earlier bounding
ray to be excluded, its second bounding ray to be included, and the part on P
to be excluded. The same definition extends in fact to the regions Z1

1 , Zj1 or
Zn+1
i . For example the region Z1

1 associated with the bottom vertex a1 is the
region below a1 which excludes the horizontal half ray, left of a1, includes the
half ray right of a1 and excludes a1. All these regions are disjoint, and Zji only
depends on the edge i → j and the bottom vertex a1. We, therefore, have the
decomposition:

P = Z1
1 ∪

⋃
i→j edge of P

Zji .

If R1, R2 are disjoint regions, then their emptiness probability are independent,
meaning that φ (R1 ∪R2) = φ (R1)φ (R2). We, therefore, have the emptiness
probability for P :

φ
(
P
)

= φ
(
Z1
1

)
×

∏
i→j edge of P

φ
(
Zji

)
. (1)

Let us denote the triangle formed by the vertices a1, ai, aj as T(i, j). A necessary
and sufficient condition that i → j occurs as an edge of a polygon P evading
B is that (1) T(i, j) does not contain any points from B, and, (2) the region
Zji does not contain any points from A. Indeed, the first condition is necessary
if the polygon P is disjoint from B, and the second condition certifies that no
points outside of the triangle can exist if i → j bounds the convex hull P .
The sufficiency is trivial as the triangle T(i, j) is itself a convex polytope. This
observation motivates us to define the evasion probability L(i, j), of the edge
i→ j as,

L(i, j) =

{
π(ai)× φ

(
Zji

)
if T(i, j) ∩B = ∅

0 otherwise.

This definition is valid for 2 ≤ i < j ≤ n, but requires a minor modification
when the endpoints include either the index 1 or n+ 1. In particular, L(1, j) =

π(a1)φ
(
Zj1

)
and L(i, n + 1) = π(ai)φ

(
Zn+1
i

)
, because there are no triangles

involved here. (Notice that L(1, j) and L(i, n + 1) are never 0.) The evasion
probabilities can be used to compute the likelihood of P as the following lemma
shows. We assume that P is non-degenerate, meaning that it has at least three
vertices. The degenerate case when P consists of two or fewer vertices is easier
to handle, and is discussed in the algorithm.



Lemma 1. Let P be a convex polygon with vertices aα(1), aα(2), . . . , aα(r), for
r ≥ 3, in counter-clockwise order around a1 = aα(1), and write aα(r+1) = an+1

which is a copy of a1. Then, the likelihood L(P ) equals the product of the evasion
probabilities of its edges and φ

(
Z1
1

)
:

L(P ) = φ
(
Z1
1

)
×

r∏
i=1

L(α(i), α(i+ 1)).

Proof. First suppose that P intersects B. Since P can be decomposed via the
bottom-vertex triangulation into the triangles, T(α(2), α(3)), . . . ,T(α(r−1), α(r)),
at least one of them must contain a point of B, say T(α(j), α(j + 1)). By defini-
tion, the evasion probability of this edge α(j)→ α(j+ 1) is 0, which renders the
entire product φ

(
Z1
1

)
×
∏r
i=1 L(α(i), α(i+ 1)) to zero. On the other hand, if P

does not intersect B, then the evasion probabilities of the edges are π(aα(j)) ×
φ
(
Z
α(j+1)
α(j)

)
for j = 1 . . . r. Thus, the product φ

(
Z1
1

)
×
∏r
i=1 L(α(i), α(i + 1))

evaluates to

φ
(
Z1
1

)
×

r∏
i=1

π(aα(i)) ×
r∏
i=1

φ
(
Z
α(i+1)
α(i)

)
.

By Equation 1 this product equals φ
(
P
)∏r

i=1 π(aα(i)), which is equal to h(P ) =
L(P ). This completes the proof.

The Algorithm. Let `(P ) denote the lowest vertex of a polygon. The proba-
bility of evasion that we want to compute is equal to the value of the expression,

n∏
i=1

(1− π(ai)) +
∑
P

L(P ) =

n∏
i=1

(1− π(ai)) +
∑
ai∈A

 ∑
`(P )=ai

L(P )

 ,

where the first term is to account for the empty sample which trivially evades
B. The algorithm evaluates the inner sum,∑

`(P )=ai

L(P ),

for each point ai as the lowest point, which we now show. For notational sim-
plicity, we use a1 as the lowest point, with all the remaining points a2, . . . , an
lying above it. We first observe that∑

P
`(P )=a1

L(P ) =
∑

degenerate P
`(P )=a1

L(P ) +
∑

non-degenerate P
`(P )=a1

L(P ).

To evaluate the first term we notice that it is equal to the probability of all 1
point and 2 point subsets that include a1—by our general position assumptions
the convex hull of any such subset always evade B. Thus we have

∑
degenerate P
`(P )=a1

L(P ) = φ
(
Z1
1

)π(a1)

n∏
i=2

(1− π(ai)) +

n∑
i=2

π(a1)π(ai)

n∏
j=2
j 6=i

(1− π(aj))

 ,



where the outer φ
(
Z1
1

)
is to account for the fact that no points below a1 can

exist in the sample. We now turn to evaluating the sum over the non-degenerate
polygons P . In this case, by Lemma 1, the likelihood L(P ) is the product of the
evasion probabilities of all the edges and φ

(
Z1
1

)
. The term φ

(
Z1
1

)
is computed

easily in O(n log n) time using plane sweep. The main part of the algorithm is to
compute the sum over all non-degenerate polygons, with lowest vertex a1, the
product of edge evasion probabilities, for which we use a dynamic programming
algorithm. Assume that the evasion probabilities of all the edges i → j for
1 ≤ i < j ≤ n + 1 have been computed. For a non-degenerate polygon P we
can order the triangles of its bottom-vertex triangulation counter-clockwise in a
natural fashion. We define the function F (i, j), for 2 ≤ i < j ≤ n, as follows,

F (i, j) = the sum of L(P ) over all polygons P with last triangle T(i, j).

We now set up a recursive definition for this function. Suppose first that i = 2,
i.e., the last triangle has as a vertex the point a2, which is first in the counter-
clockwise order around a1. In this case, it is easy to see that the only such
polygon is itself the triangle T(i, j), and so we have

F (2, j) = L(T(2, j)) = φ
(
Z1
1

)
× L(1, 2)× L(2, j)× L(j, n+ 1).

a1

ai

aj

ak

T(i, j)
P ′

For other i, consider any polygon P with last tri-
angle T(i, j). Either the entire polygon is just this
triangle, i.e., P = T(i, j), or else, such a polygon is
made up of a polygon P ′ suffixed with the last trian-
gle T(i, j). See Figure on the right. Indeed, given such
a P , we can let P ′ be the (convex) polygon without
the last triangle T(i, j). Observe that in this case, the triangle T(k, i) that pre-
cedes T(i, j), must be such that the edge k → i makes a left turn into the edge
i → j. Conversely, given any polygon P ′ with last triangle T(k, i), such that
k → i turns left into i → j, we can suffix the triangle T(i, j) to make up a
polygon P with last triangle T(i, j). Thus, there is a one-to-one correspondence
between polygons P with last two triangles as T(i, j) and T(k, i), and polygons
P ′ with last triangle T(k, i), whenever k → i turns left into i→ j. Observe that
the edge i → (n + 1) is the last edge of P ′ but this is not present in P , which
has two additional edges i → j and j → (n + 1). By using Lemma 1 on P and
P ′ we observe that,

L(P ) =
L(P ′)

L(k, n+ 1)
× L(i, j)× L(j, n+ 1).

It follows that when i > 2 we have the following recursive definition for F (i, j).

F (i, j) = L(T(i, j)) + L(j, n+ 1)× L(i, j) ×
∑

k→i→j is a left turn

F (k, i)

L(k, n+ 1)
.

The function F (i, j) can be evaluated using dynamic programming if we consider
edges successively in the order where edges with smaller i occur earlier—for a



fixed i they can be ordered arbitrarily. We omit the routine technical details. The
evaluation of L(T(i, j)) can be done using Lemma 1. Summing over all possible
last triangles of non-degenerate polygons P , we have the desired sum:∑

non-degenerate P
`(P )=a1

L(P ) =
∑

2≤i<j≤n

F (i, j).

Finally, we now show how to compute the edge evasion probabilities. In order to

compute φ
(
Zji

)
, essentially we need to be able to answer queries of the following

type: given a triangle (with vertices among the points of A), find the product
of (1 − π(a)) for all points a inside the triangle. This follows because because
the regions Zji can be decomposed into a constant number of such triangles

and we can compute φ
(
Zji

)
by taking the product of the numbers obtained

for the corresponding triangles. The half openness of the edges does not really
present us with problems as there are no points of A on these edges (except
those belonging to the edge i → j, and these points are known—ai and aj),
so we might as well consider them as closed edges for our purposes. We can
compute all these quantities in O(1) time per triangle after a one-time O(n2)
preprocessing using ideas from [16, 27]. To determine which edges have evasion
probability 0 we use triangle emptiness queries, for triangles T(i, j) and for points
of B. Each query takes O(logm) time, after a one-time O(m2) preprocessing,
using the data structure of [18].

Complexity Analysis. The computation of the φ
(
Zii
)

can be done by first
sorting the set A by the x2 coordinate, and then performing a linear scan. Con-
sider a fixed lowest point ai, and the computation of the evasion probabilities of
the edges among points above ai. For each such edge, we require O(1) queries
on the data structure [16] and 1 query to the data structure of [18], which to-
gether take O(logm) time per edge. Thus, in O(n2 logm) total time we can
determine all the edge evasion probabilities. The dynamic programming algo-
rithm then takes O(n3) time. Thus for a fixed lowest point ai, our algorithm
takes O(n2(n+ logm)) time, and so the overall time over all choices of the low-
est point is O(n3(n+ logm) +m2). The total space requirement is O(n2 +m2),
dominated by the data structures [16, 18], which need to be prepared only once.
In each iteration with a fixed lowest point ai we need O(n2) space to store the
evasion probabilities of the edges, which is reused for different ai.

We have established the following result.

Theorem 1. Given a set A of n stochastic points, and a set B of m points in
the plane, all in general position, we can compute in O(n3(n+logm)+m2) time
and O(n2 +m2) space the probability that A evades B.

2.2 The containment problem

The algorithm for the containment problem is similar but some key concepts
need to be redefined. Specifically,



(I) the region Zii needs to be empty of points in B. Otherwise, we may ignore
the point ai and any higher points in the overall summation.

(II) the “containment probability” of an edge i → j is set to 0 if the region
Zji contains a point of B. This ensures that P is disjoint from B, which
is equivalent to B ⊆ P .

Our result on the stochastic containment can be stated as follows.

Theorem 2. Given a set A of n stochastic points and a set B of m points in
the plane, all in general position, we can compute in O(n3(n+logm)+m2) time
and O(n2 +m2) space the probability that A contains B.

3 Hardness in Higher Dimensions

In this section, we show that the evasion problem is #P-hard in three or higher
dimensions. The stochastic set containment problem is also hard, as shown in
Appendix A.

Our reduction is from the #P-hard problem of counting independent sets
in planar graphs [28]. Let G = (V,E) be an instance of the independent set
problem, with V = [n] and m = |E|. Corresponding to each vertex i ∈ [n], we
create a point ai ∈ A, with associated probability π(ai) = 1/2, and for each edge
(i, j) ∈ E, we create a a corresponding point bij ∈ B. For a subset V ′ ⊆ V , we
let A′ ⊆ A denote the corresponding set of points. The crucial property of the
reduction is that V ′ is an independent set in G if and only if CH(A′) ∩B = ∅.

Suppose for now that the point set A can be constructed in such a way that
all the points ai are vertices of their convex hull P (as such all of them are also
in general position), and that for each (i, j) ∈ E, the segment aiaj is an edge
of P . (In other words, the polytope P is an embedding of G.) If we choose the
points of B as bij = (ai + aj)/2, then we can prove the following result.

Lemma 2. A subset V ′ ⊆ V is an independent set of G iff the corresponding
set of points A′ satisfies CH(A′) ∩B = ∅.

Proof. If CH(A′) ∩B = ∅, then clearly both ai, aj cannot be in A′ for any edge
(i, j) of G—otherwise the midpoint bij = (ai + aj)/2 will lie inside CH(A′).
Conversely, let V ′ be an independent set in G, with A′ the corresponding subset
of points in A. We show that any point bij ∈ B must lie outside CH(A′). Since
aiaj is an edge of the polytope P there is a hyperplane H, that is a supporting
hyperplane of CH(A′) and intersects CH(A′) in the edge aiaj , i.e., P ∩H = aiaj ,
and all other vertices lie in one of the open halfspaces of H. Suppose both i and
j are not in V ′. Then, H shifted slightly towards CH(A′) will act as a separating
hyperplane, separating bij from CH(A′). If V ′ includes one of them, say i, then H
rotated slightly (while still containing bij), so that i, j remain on the appropriate
sides (i.e., i on the same side as P , and j on the other side), and then shifted
towards CH(A′) will act as a separating hyperplane.



Constructing the Polytope We now discuss how to construct the desired set of
points A. In 4 dimensions, this is possible for any graph G— simply choose the
points ai on the moment curve (γ, γ2, γ3γ4), for γ = 1, 2, . . . , n, and verify that
every pair is an edge of the convex hull [29]. In 3 dimensions, such a construction
is not feasible for an arbitrary graph G, but can be achieved when G is planar. In
particular, we can assume that G is maximally planar–otherwise add edges until
it becomes maximal—and then use the well-known theorem of Steinitz to realize
a 3-dimensional embedding of this 3-connected graph [29]. Furthermore, using a
result of [15], we can also construct such a 3-dimensional polytope in polynomial
time because our graph is a triangulation (maximally planar). Moreover, in this
construction, there is a one-to-one correspondence between vertices of G and the
constructed polytope.

Since each point of A occurs with probability 1/2, the probability of any
sample S is precisely 1/2n. Therefore, we now have a one-to-one correspondence
between independent sets in G and samples A′ with CH(A′) ∩ B = ∅. We can
therefore count the number of independent sets in G, as follows:

Pr[CH(A′) ∩B = ∅] =
1

2n
× ( Number of independent sets in G).

We have established the following result.

Theorem 3. Given a stochastic point set A in IRd, for d ≥ 3, the problem of
computing the evasion probability of another (deterministic) point set B ⊂ IRd

is #P-hard.

Remark 1. The point sets constructed in our hardness proof are not in general
position (for example the point bij is collinear with ai and aj), but they can
be modified to achieve non-degeneracy. The details are mostly technical, and
omitted from this abstract.

4 Approximation

Given the #P-hardness of both the containment and the evasion problems, it is
natural to explore efficient approximation schemes. In the following we briefly
discuss a Monte-Carlo algorithms for approximating the probabilities of the com-
plement of the evasion problem and that of the containment problem, under the
assumption that the the probabilities of the stochastic points are not too small,
namely, each point occurs with probability at least α, for some α > 0.

Lemma 3. Let A = {a1, . . . , an} be a set of n stochastic points, and B be a
set of m points. Let p denote the probability of the complement of the evasion
problem ( resp. the containment problem) , i.e., p = Pr[B ∩ CH(S) 6= ∅] (resp.,
p = Pr[B ⊆ CH(S)]), for a random sample S of A. Suppose, π(ai) ≥ α for some
constant α > 0, for every 1 ≤ i ≤ n. Then, for 0 < ε ≤ 1, 0 < δ ≤ 1 we can
compute in time O(1/ε2 log(1/δ)mnM), a number q, such that (1 − ε)p ≤ q ≤
(1 + ε)p with probability at least 1 − δ, where M = O(1/αd+1) for the evasion
problem and M = O(1/αm(d+1)) for the containment problem.



Proof. The algorithm generatesO(1/ε2 log(1/δ)M) samples independently, where
in a sample S we choose the ai ∈ A independently with probability π(ai), and
for each of these samples S, tests in time O(mn) whether B ∩ CH(S) 6= ∅, for
the complement of the evasion (resp. B ⊆ CH(S), for the containment) problem.
These tests are easy to do as one can test each point b of B for containment in
the convex hull CH(S) by using a O(n) time algorithm for fixed dimension linear
programming [12, 22]. Consider the indicator random variable X which assumes
1 if the relevant condition for the evasion (resp. the containment) problem holds,
and 0 otherwise, and we output the mean over all our samples as our estimate.
If p = 0, clearly we output 0, as all tests will have X = 0. On the other hand if
p 6= 0, then observe that for the complement of the evasion problem, the proba-
bility that CH(S) ∩ B 6= ∅ is at least the (nonzero) probability that for some i,
ai ∈ CH(S). This probability is at least µ ≥ αd+1 as a successful draw consists
of choosing all the points in some simplex containing ai (such a simplex must
exist). Similarly, for the containment problem there must be m such simplices,
one for each of the m points, and the probability of a successful draw is at least
µ ≥ αm(d+1). In each draw, we have E[X] = µ. Finally, by an application of
Chernoff bound we have the result.

5 Conclusions

An immediate open problem is to improve the running time and space require-
ments of our algorithms in 2 dimensions. Another open problem is to achieve
an efficient multiplicative factor approximation of the containment or evasion
probabilities. in dimensions d ≥ 3.
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A The containment problem is #P-hard for d ≥ 3

Theorem 4. Given a stochastic point set A, and another point set B, in IRd for
d ≥ 3, the problem of computing the probability that A contains B is #P-hard.

Proof. We reduce from the #P-hard problem of counting vertex covers in planar
graphs. In any graph, a subset of vertices is a vertex cover iff its complement is
an independent set. As such the problem of counting vertex covers is equivalent
to counting independent sets, and moreover, the problem is hard on any class of
graphs on which the problem of counting independent sets is hard. In particular,
it is hard on planar graphs. We use the transformation used in the proof of
Theorem 3. More specifically, given a planar graph G = (V,E) on V = [n],
it constructs a graph G = (V,E′) where E ⊆ E′ and a set A of n points
{a1, . . . , an}, which are the vertices of a convex body, such that every edge (i, j)
in E′ corresponds to an edge (ai, aj) of the polytope. We assign the probability
1/2 to each of these stochastic points. Let P = CH(A) denote the polytope.
We now construct a new polytope P ′ ⊆ P , where each edge e of P will have
a corresponding (2 dimensional) facet fe in P ′ “close” to e, i.e., lying inside P
and in the close vicinity of e. To this end, we consider a supporting plane He

such that He ∩P = e. We now move all such planes He, for each edge e slightly,
shifting it parallel to itself, inside the polytope by a distance that is smaller than
1/2 of the minimum nonzero distance of any vertex of P to any of the planes He.
Let H ′e denote the shifted plane. As a result, we get a new polytope,

⋂
H ′e which

lies inside P and where now for each edge e of P , the portion of H ′e lying inside
P ′ is a facet. This is the facet fe corresponding to e. Clearly, P ′ as defined, can
be computed in polynomial time given P .

Consider an edge (i, j) ∈ E, and the corresponding edge (ai, aj) of P . We
now add 3 points to A and one point to B, for each such edge, as follows. Choose
3 points b′ij , b

′′
ij , b
′′′
ij in general position on the facet fe of P ′.

ai

aj

H ′
e

b′′ij

b′ij

bij

We add them to A and assign them the probabil-
ity 1 each. The simplices b′ijb

′′
ijb
′′′
ijai, and b′ijb

′′
ijb
′′′
ijaj

share a base, and are on the same side of it, and
therefore they share a point that is interior to both
of them. We choose such a point bij and include it
in B. See Figure on the right for an example of this
construction in 2 dimensions.

It is clear that if A′ ⊆ A excludes both ai, aj ,
then H ′e is a hyperplane that separates bij from CH(A′). Conversely, if at least
one of ai, aj are included, then bij must be in CH(A′). Therefore, if CH(A′)
contains all such points bij , the corresponding vertices forms a vertex cover in
G. It may be observed that since all the new points added in A have probability
1 they do not affect our counting argument.


