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Abstract

We study the problem of finding a (1+ε)-approximation algorithm for the problem
of finding 2 rectangles that cover a set of n points in IR2 of minimum total area.

1 Preliminaries

We are given a set of points P in the plane, and we are interested in covering it with two
(arbitrarily oriented) rectangles of total minimum area.

No coreset. One possible approach to solve the problem would be to use a coreset [AHpV05].
A (strong) ε-coreset for the problem would be a (small) subset S ⊆ P such that for any 2
rectangle cover of S using rectangles R1 and R2 the rectangles (1 + ε)R1 and (1 + ε)R2 would
cover P. A minimum total area cover by 2 rectangles could be then approximated by solving
the problem exactly, using brute force search, on the coreset S. The ε expansion property
would then guarantee that the optimal solution for P is not much larger than the expanded
solution. Unfortunately, Har-Peled showed that [HP04] that there is no multiplicative core-
set for the problem of a minimum width cover of n points by 2 strips in the plane. The same
proof implies that there is no coreset for the covering by two rectangles problem.

2 Approximation algorithm

In this section we provide a PTAS for the minimum 2 rectangle cover of S.
Given two points p, q within a rectangle R, the length of R with relation to p, q is the

length of the edge of R with which pq makes an angle of less than π/4. The other side length
is the breadth .

In order to solve the main problem (Lemma 2.4) we reduce it to a sequence of subproblems
which are of the following type: Given two points p, q ∈ P which form a long pair find a
minimal 2 rectangle cover where one of the rectangles must contain p, q. It is easy to see
that O(n2) invocations of a PTAS for this problem would give a PTAS for the main problem.
However, as Lemma 2.4 shows, we only need to consider O(1/ε2) such pairs. A PTAS for this
constrained problem is provided in Lemma 2.3. In order to solve the problem of Lemma 2.3
we show in Lemma 2.1 and Lemma 2.2 how to approximately find the width of the rectangle
containing p, q.
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Figure 1: Approximating a minimal rectangle

For a point set P, a rectangle R containing P is a minimal rectangle , if it is the
smallest rectangle with these orientations containing P. A center line for a rectangle, is a
line parallel to one of its sides, that passes through its center.

Our first lemma says that given two points p, q ∈ P contained in a rectangle R, we can
find a more constrained rectangle R′ which contains the same subset of P and has pq along
its middle axis and is only a constant fraction larger.

Lemma 2.1 Let P be a set of n points in the plane, and p and q be two points in P, such
that ‖p− q‖ ≥ C1diam(P) where C1 ≤ 1 is a constant. Consider any minimal rectangle R
that contains P. Then, one can find a rectangle R′ such that (i) R ⊆ R′, (ii) area(R′) ≤
(8/C1) area(R), (iii) pq lies on a center-line of R′.

Proof : Let R′ be the smallest rectangle enclosing R with its center line containing the segment
pq (see Figure 1).

Let s be the corner of R furthest away from the line of pq. Consider the triangle 4 =
4pqs, and let h be its height on the edge pq. We have that area(4) = h ‖p− q‖ /2. But
since 4 ⊆ R it holds area(4) ≤ area(R).

Observe that `(R′) ≤ `(R) + β(R) ≤ 2diam(P). Now, the breadth of R′ in the direction
pq is at most 2h, which implies that

area(R′) = `(R′) · β(R′) ≤ 2diam(P) · 2h = 4h
C1diam(P)

C1

≤ 4h
‖p− q‖
C1

=
8

C1

· h ‖p− q‖
2

=
8

C1

area(4) ≤ 8

C1

area(R) .

Next we give a PTAS for a minimum area 2 rectangle covers with some constraints. Even
though the problem it solves seems artificial, it is used as a sub-procedure in the Lemma 2.3.

Lemma 2.2 Let C2, C3, ε > 0 be constants and x, y be two points such that for any point
z ∈ P, ‖x− z‖ ≤ C2diam(P), ‖y − z‖ ≤ C2diam(P). Let R1,R2 be a covering of P such that
(i) x, y ∈ R1 (ii) xy lies on a center-line of R1. (iii) `(R1) ≥ C3 ‖x− y‖. In O(n lg3 nε−2)
time we can find two rectangles R′1,R

′
2 covering P such that the above conditions are satisfied

and area(R′1) ≤ (1 + ε)area(R1) and area(R′2) ≤ (1 + ε)area(R2).

Proof : Consider a grid on xy of length εC3

2
‖x− y‖. Expand the length of R1 to have sides

passing through the grid points x′, y′. Since `(R1) ≥ C3 ‖x− y‖, the expansion factor is at
most (1 + ε). We call such a rectangle a canonical rectangle . See Figure 2. Try all the
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Figure 2: Expanding rectangle to a canonical rectangle

O(1/ε2) pairs of grid points x′, y′ such that (i) x′ is before y′ on the grid (ii) ‖x− x′‖ ≤(
C2 + εC3

2

)
‖x− y‖. (iii) ‖x− y′‖ ≤

(
C2 + εC3

2

)
‖x− y‖. (iv) ‖x′ − y′‖ ≥ C3 ‖x− y‖. For

each choice x′, y′ of such endpoints, we use standard sweeping techniques to find the O(n)
canonical rectangles with points flush on at least one side parallel to xy and whose center
line is x′y′. As we sweep, we can keep track of the points outside the rectangle. Initially
all points, other than those on the segment x′y′ are outside the rectangle. Moreover, using
techniques from [AHpV05] we can maintain in O(lg3 n) time per update an approximate
bounding rectangle of area at most (1 + ε) times the optimal rectangle enclosing the outside
points. We output the pair of rectangles with minimum total area. The total time taken is
O(n lg3 nε−2).

While using the algorithm it may sometimes be required to ensure some additional con-
straints that require O(1) time to check for any rectangle. For example given points p, q
(which could be the same as x, y) belong to the computed rectangle. Notice that this is not
difficult to ensure as we can restrict our choices of the O(n/ε2) rectangles we consider to
those that satisfy the constraint.

Now consider the problem of finding two rectangles R1 and R2 that cover P, R1 contains
p, q with ‖p− q‖ ≥ C1diam(P), and R1,R2 have sum of areas that is minimal among all
such coverings. Further among all such minimal coverings, R1 has the minimum possible
area. We know from Lemma 2.1 that there is a cover R′1,R

′
2 such that R′1 has pq along its

center-line and area(R′1) ≤ 8
C1

area(R1) and area(R′2) ≤ 8
C1

area(R2). Using the algorithm in
Lemma 2.2 with C2 = 1, C3 = 1, ε = 1, x = p, y = q and also requiring that p, q be in
the rectangle with middle axis along pq, we can find rectangles R′′1 and R′′2 with area(R′′1) ≤
2area(R′1) ≤ 16

C1
area(R1) and area(R′′2) ≤ 2area(R′2) ≤ 16

C1
area(R2). Since R1 contains pq we

have ‖p− q‖ /
√

2 ≤ `(R1) ≤ ‖p− q‖ /C1. Now, area(R1) ≤ area(R′′1) which implies
‖p− q‖√

2
· β(R1) ≤ area(R1) ≤ area(R′′1)

and so, β(R1)√
2
≤ area(R′′

1)
‖p−q‖ . Similarly,

area(R′′
1)

‖p−q‖ ≤
16
C2

1
β(R1). In other words we can find a number

w0 =
area(R′′

1)
‖p−q‖ which is θ(β(R1)). This gives us a good estimate of β(R1). The next lemma
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Figure 3: Finding a canonical rectangle only (1 + ε/2) larger in area

shows how we can now remove the restriction that pq lie on the center-line of one of the
rectangles, thereby slightly reducing the constraint on the problem so far.

Lemma 2.3 Given p, q ∈ P such that ‖p− q‖ ≥ C1diam(P), in time O(n lg3 nε−4) we find
a (1 + ε) approximation to the minimal total area covering of P by two rectangles R1,R2 such
that R1 contains p, q and is the smallest among all such minimal covers.

Proof : Consider the two rectangles R1 and R2 of minimal total area covering P with p, q in
R1 and R2 of minimum area possible. As shown we can compute a number w0 such that
β(R1) ≤

√
2w0. Draw circles Dp, Dq around p and q of radius 2

√
2w0 ≥ 2β(R1). Let Np, Nq

be sets of O(1/ε) points around the boundary of Dp and Dq such that the distance from any
point on a circle to the closet point in its set is at most Kεw0 where K is a constant to be
specified later. Let l denote the center-line of R1. Let u ∈ Np, v ∈ Nq be points such that
they are as close to l as possible and as far as possible from each other. It is easy to see that
‖u− v‖ ≥ ‖p− q‖ ≥ C1diam(P). Let lu be the line through u parallel to l, and luv be the
line through u and v. See Figure 3. Let x be any point inside R1. Let lxu be its projection
onto lu. Notice that dist(v, lu) ≤ 2Kεw0. Clearly

‖lxu − u‖ ≤ ‖x− u‖
≤ ‖x− p‖+ ‖p− u‖
= diam(P) + 2w0

≤ diam(P) +
32

C2
1

β(R1)

≤
(

1 +
32

C2
1

)
diam(P)
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Let the projection of u, v onto l be lu, lv respectively. Then clearly ‖lu − lv‖ ≥ ‖p− q‖ /
√

2 ≥
C1√
2
diam(P). We can now bound the distance of point x from the line luv.

dist(x, luv) ≤ ‖x− lxu‖+
‖u− lxu‖
‖lu − lv‖

2Kεw0

≤ β(R1) /2 +Kε
16

C2
1

β(R1) +

(
1 + 32

C2
1

)
diam(P)

C1√
2
diam(P)

· 2Kεβ(R1)

Choose K small enough such that dist(x, luv) ≤ (1+ε/5)β(R1) /2. How long does a rectangle
have to be with center-line through uv to enclose R1? If we project all the corners of R1 onto
the line luv the extreme points on luv will define the rectangle. If the line lu was rotated by
an angle of ∆θ to luv then clearly

sin(∆θ) ≤ 2Kεw0

‖u− v‖

≤ 2Kε

(
16

C2
1

diam(P)

)
/C1diam(P)

=
32Kε

C3
1

Clearly luv − `(R1) is at most β(R1) sin(∆θ). This can be bounded as

β(R1) sin(∆θ) ≤ diam(P) sin(∆θ)

≤ `(R1) /C1 ·
32Kε

C3
1

=
32
√

2K

C4
1

ε`(R1)

Again, choose K small enough such that the above quantity is less than ε`(R1) /5. We
have thus shown that there is a rectangle with center-line through uv that covers R1 and
has area at most (1 + ε/5)2area(R1) ≤ (1 + ε/2)area(R1). This immediately suggests an
algorithm. We consider all possible O(1/ε2) pairs of points u, v on Dp, Dq and use Lemma 2.2
to compute, for each such pair, a (1 + ε/3) approximation to the minimal 2 area cover
of the set of points with center-line of one rectangle through u, v that also contains p, q.
Each of the O(1/ε2) invocations of the algorithm in Lemma 2.2 adds up to a total time of
O(n lg3 nε−4). Further the minimal solution computed from these O(1/ε2) choices must be
within (1 + ε/2)(1 + ε/3) ≤ (1 + ε) factor of the optimal. This completes the proof of the
lemma.

As remarked before, Lemma 2.3 suggests a naive O(n3 lg3 nε−4) algorithm to compute
the minimal 2 rectangle cover by considering all O(n2) pairs of points inside one of the
rectangles. We show below that in fact examining O(1/ε2) such pairs suffices.

Lemma 2.4 Given a set P of n points in the plane, ε > 0, we can find in time O(n lg3 nε−6)
two rectangles R′1,R

′
2 such that R′1,R

′
2 cover P and area(R′1)+area(R′2) is at most (1+ε) times

the optimal such cover which minimizes the sum of the areas.
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Proof : It is easy to see that in O(n) time we can find two points p, q ∈ P such that
‖p− q‖ ≥ 1√

2
diam(P). Consider the bisector of the segment pq and partition the points of

P into Sp and Sq lying on the two sides of the bisector where p ∈ Sp and q ∈ Sq. Now notice
that ‖x− y‖ ≥ 1

2
√
2
diam(P) for x ∈ Sp, y ∈ S1. Let Cp, Cq be O(1/ε) sized ε/3 coresets for

Sp, Sq for the minimum bounding rectangle problem - TODO :reference. Now consider the
optimal solution to the minimum 2 rectangle cover of P. There can be two cases for the
optimal solution

1. All points in Cp lie in one rectangle R1 and all points in Cq lie in the other rectangle
R2.

2. There is a point p′ ∈ Cp and a point q′ ∈ Cq such that p′q′ lie in R1.

Assume that the first of the above cases is true. Notice that in time O(1/ε lg(1/ε)) we
can compute the minimum bounding rectangles Rp, Rq of Cp and Cq respectively. These
rectangles have the property that a (1 + ε/3) expansion covers Sp and Sq. Notice that since
R1 covers Cp and R2 covers Cq we have

area(R1) ≥ area(Rp) and area(R2) ≥ area(Rq)

Moreover,

area((1 + ε/3)Cp) = (1 + ε/3)2area(Cp) ≤ (1 + ε)area(Cp) ≤ (1 + ε)area(R1)

and similarly area((1 + ε/3)Cq) ≤ (1 + ε)area(R2). Since Cp, Cq are ε/3 coresets for the
minimum rectangle cover of Sp, Sq respectively thus in this case we are done (our output in
this case are the rectangles (1 + ε/3)Rp and (1 + ε/3)Rq.)

Now we look at the second case. Notice that we can try all the O(1/ε2) choices for
the points in Cp and Cq. For each such pair p′, q′ we can use Lemma 2.3 to compute two
rectangles such that they are a (1 + ε) approximation to the optimal 2 cover. This requires
time O(n lg3 nε−6).

We output the 2 cover which is minimal among all the above. The running time is easily
seen to be O(n lg3 nε−6).
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